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Abstract
An irreducible character χ of an association scheme is called nonlinear if
the multiplicity of χ is greater than 1. The main result of this paper gives a
characterization of commutative association schemes with at most two non-
linear irreducible characters. This yields a characterization of finite groups
with at most two nonlinear irreducible characters. A class of noncommuta-
tive association schemes with at most two nonlinear irreducible character is
also given.
Key words : Association scheme, Character, Finite group, Group-like scheme, Mul-
tiplicity, Nonlinear.
AMS Classification: 05E30, 20C15.
1 Introduction
In the character theory of association schemes, the character values of irreducible
characters give many useful information about association schemes. In particular,
the multiplicities of irreducible characters paly an important role for determining
the structure of association schemes. For instance, see [10].
An irreducible character χ of an association scheme (X,S) is called nonlinear
if the multiplicity of χ is greater than 1. An interesting problem in the character
theory of association schemes is what can be said about (X,S) when the number
of nonlinear irreducible characters is known. In particular, if (X,S) is a group as-
sociation scheme induced from a finite group G, then since the number of nonlinear
irreducible characters of G and (X,S) is equal, any characterization of association
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schemes with a given number of nonlinear irreducible characters yields a character-
ization of finite groups in terms of the number of nonlinear irreducible characters.
It should be mentioned that there are some characterizations of finite groups with
one nonlinear irreducible character; for example see [14].
In this paper we characterize the structure of commutative association schemes
with at most two nonlinear irreducible characters. This yields a characterization
of finite groups with at most two nonlinear irreducible characters. Moreover, we
give a characterization of noncommutative association schemes with one nonlinear
irreducible character. Finally, a class of noncommutative association schemes with
two nonlinear irreducible characters is given.
2 Preliminaries
Let us first state some necessary definitions and notation. For details, we refer the
reader to [15] for the background of association schemes. Throughout this paper,
C denotes the complex numbers.
2.1 Association schemes
Definition 2.1. Let X be a finite set and S = {s0, s1, . . . , sn} be a partition of
X ×X. Then (X,S) is called an association scheme with n classes if the following
properties hold:
(i) s0 = {(x, x)|x ∈ X}.
(ii) For every s ∈ S, s∗ is also in S, where s∗ := {(x, y)|(y, x) ∈ s}.
(iii) For every g, h, k ∈ S, there exists a nonnegative integer λghk such that for
every (x, y) ∈ k, there exist exactly λghk elements z ∈ X with (x, z) ∈ g and
(z, y) ∈ h.
The diagonal relation s0 will be denoted by 1. For each s ∈ S, we call ns = λss∗1
the valency of s. For any nonempty subset H of S, put nH =
∑
h∈H nh. We call nS
the order of (X,S). An association scheme (X,S) is called commutative if for all
g, h, k ∈ S, λghk = λhgk. Let H and K be nonempty subsets of S. We define HK
to be the set of all elements t ∈ S such that there exist element h ∈ H and k ∈ K
with λhkt 6= 0. The set HK is called the complex product of H and K. If one of
factors in a complex product consists of a single element s, then one usually writes
s for {s}. A nonempty subset H of S is called a closed subset if HH ⊆ H . A closed
subset H of S is called strongly normal, denoted by H ⊳♯ S, if sHs∗ = H for any
s ∈ S. We put Oϑ(S) =
⋂
H⊳♯SH and call it the thin residue of H . For a closed
subset H of S, the number nS/nH is called the index of H in S and is denoted by
|S : H|.
2
Let (X,S) be a scheme and H be a closed subset of S. For every x ∈ X put
xH =
⋃
h∈H xh, where xh = {y ∈ X|(x, y) ∈ h}. A subscheme (X,S)xH is a
scheme with the points xH and the set of relations {sxH |s ∈ H}, where sxH =
s
⋂
(xH × xH).
Moreover, if we put X/H = {xH|x ∈ X} and S/H = {sH |s ∈ S} where
sH = {(xH, yH)|y ∈ xHsH}, then (X/H, S/H) is a scheme, called the quotient
scheme of (X,S) over H . Note that a closed subset H is strongly normal if and
only if the quotient scheme (X/H, S/H) is a group with respect to the relational
product if and only if ss∗ ⊆ H , for every s ∈ S (see [15, Theorem 2.2.3]). In
particular, since S/Oϑ(S) is a finite group, we can consider the derived subgroup
(S/Oϑ(S))′ of S/Oϑ(S). Suppose S ′ be the inverse image of (S/Oϑ(S))′. Then
the quotient scheme (X/S ′, S/ S ′) is an abelian group with respect to the relational
product.
2.2 Characters of association schemes
Let (X,S) be an association scheme. For every s ∈ S, let σs be the adjacency
matrix of s. For any nonempty subset H of S, we put σH :=
∑
h∈H σh. For conve-
nience, σ1 is denoted by 1. It is known that CS =
⊕
s∈S Cσs, the adjacency algebra
of (X,S), is a semisimple algebra (see [15, Theorem 4.1.3]). The set of irreducible
characters of S is denoted by Irr(S). One can see that 1S ∈ HomC(CS,C) such that
1S(σs) = ns is an irreducible character of CS, called the principal character. In [7],
Hanaki has shown that the irreducible characters of S/Oϑ(S) can be considered as
irreducible characters of S.
Let ΓS be a representation of CS which sends σs to itself for every s ∈ S. Let γS
be the character afforded by ΓS. Then one can see that γS(1) = |X| and γS(σs) = 0
for every 1 6= s ∈ S. Consider the following irreducible decomposition of γS,
γS =
∑
χ∈Irr(S)
mχχ.
We call mχ the multiplicity of χ. One can see that m1S = 1 and |X| =∑
χ∈Irr(S)mχχ(1) (see [15, section 4]). For every χ ∈ Irr(S), put
Ker(χ) = {s ∈ S | χ(σs) = nsχ(1)}.
Then Ker(χ) is a normal closed subset of S and it follows from [7, Theorem 5.3]
that for every normal closed subset H of S,
Irr(S/H) = {χ ∈ Irr(S) | H ⊆ Ker(χ)}.
Example 2.2. Let G be a finite group and C0 = {1}, C1, . . . , Ch be the conjugacy
classes of G. Define Ri by (x, y) ∈ Ri if and only if xy
−1 ∈ Ci, where x, y ∈ G. Put
S = {Ri}0≤i≤h. Then (G, S) is an association scheme, which is called the group
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association scheme of G. For every relation Ri of S, nRi = |Ci| and one can see
that Ri ∈ O
ϑ(S) if and only if Ci ⊆ G
′, where G′ is the derived subgroup of G.
The adjacency algebra of (G, S) is isomorphic to the algebra Z(CG) with the
basis Cla(G), where Z(CG) is the center of group algebra CG and Cla(G) =
{K0, . . . , Kh}, with Ki =
∑
g∈Ci
g. Furthermore, {ωχ| χ ∈ Irr(G)} is the set of
irreducible characters of Z(CG), where
ωχ(Ki) =
χ(g)|Ci|
χ(1)
,
for some g ∈ Ci. Since |G| =
∑
χ∈Irr(G) χ(1)
2, it follows that mωχ = χ(1)
2, for every
χ ∈ Irr(G).
Let (X,S) be an association scheme and T be a closed subset of S. Suppose
that L is a CT -module which affords the character ϕ, and V is a CS-module which
affords the character χ. Then V is a CT -module which affords the restriction χT of
χ to CT , and LS = L⊗CT CS is a CS-module which affords the induction ϕS of ϕ.
Suppose that T is strongly normal. Put G = S/T . Let ϕ be an irreducible character
of T and L be an irreducible CT module affording ϕ. Consider the induction of L
to S. Then
LS = L⊗CT CS =
⊕
sT∈S/T
L⊗ C(TsT ).
The stabilizer G{L} of L in G is defined by
G{L} = {sT ∈ S/T |L⊗ C(TsT ) ∼= L}.
One can see that G{L} is a subgroup of G. The set of S/T -conjugates of L is
{L ⊗ C(TsT )|s ∈ S, L ⊗ C(TsT ) 6= 0}. From [3] it follows that if L and L′ are
S/T -conjugates, then LS ∼= L′
S.
Theorem 2.3. (See [3].) Let (X,S) be a scheme and T be a strongly closed subset
of S. Put G = S/T . Then for every χ ∈ Irr(S), there exists a positive integer e
such that
χT = e
n∑
i=1
ϕi,
where ϕi, 1 ≤ i ≤ n, are S/T -conjugate irreducible characters of T .
Theorem 2.4. (See [5].) Let (X,S) be an association scheme and T be a strongly
normal closed subset of S. Suppose that G = S/T is the cyclic group of prime order
p. Suppose that Irr(G) = {ζi|1 ≤ i ≤ p}. Then for χ ∈ Irr(S), one of the following
statements holds:
(1) χT ∈ Irr(T ) and (χT )
S =
∑p
i=1 χζi,
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(2) χ(σs) = 0, for any s ∈ S \T and χT is a sum of at most p distinct irreducible
characters. If ψ is an irreducible constituent of χT , then ψ
S = χ.
The product of characters in association schemes has been given in [6] by Hanaki.
If (X,S) is an association scheme and T is a strongly normal closed subset of S,
then it follows from [6, Theorem 3.3] that for every χ ∈ Irr(S) and ζ ∈ Irr(S/T ),
the character product χζ defined by
χζ(σs) = χ(σs)ζ(σsT )
is a character of S. If ζ(1) = 1, then χζ ∈ Irr(S). So Irr(S/S ′) acts on Irr(S) by
the above multiplication.
2.3 products of association schemes
The wedge product of association schemes is a way to construct a new association
scheme from old ones and has been given by Muzychuk in [13]. A special case of the
wedge product of association schemes is the wreath product. We refer the reader
to [13] for more details. Here we give the definition of wedge product of association
schemes. This is equivalent to Muzychuk definition of wedge product.
Let (X,S) be an association scheme and K ⊆ H be closed subsets of S such
that
(a) σKσs = nKσs = σsσK , for every s ∈ S \H ;
(b) K ✂ S.
Then S is called the wedge product of association schemes (X,S)xH and
(X/K, S/K) for some x ∈ X .
In the above definition if K = H , then S is called the wreath product of associ-
ation schemes (X,S)xH and (X/H, S/H) for some x ∈ X .
The following result is immediately obtained from the definition of wreath prod-
uct.
Lemma 2.5. Let (X,S) be a commutative association scheme and H be a closed
subset of S. Then the following are equivalent:
(1) S is the wreath product of association schemes (X,S)xH and (X/H, S/H),
(2) |S| = |H|+ |S/H| − 1,
(3) For every h ∈ H and s ∈ S \H, σsσh = σhσs = nhσs.
The following easy lemma is useful.
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Lemma 2.6. Let (X,S) be a commutative association scheme and K ⊆ H be
closed subsets of S. Let S be the wedge product of association schemes (X,S)xH
and (X/K, S/K). If K is strongly normal in S, then ns = nK for every s ∈ S \H.
Proof. For every s ∈ S \H we have
nsKnK = nKs,
(see [15, Theorem 1.5.4(v)]). Since nsK = 1 it follows that nK = nKs. On the other
hand, Ks = {s}. Hence ns = nK .
2.4 Group-like schemes
Let (X,S) be an association scheme. We define a binary relation ∼ on S as
follows. For s, t ∈ S, we write s ∼ t if
χ(σs)/ns = χ(σt)/nt, (1)
for every χ ∈ Irr(S). Then ∼ is an equivalence relation. For s ∈ S, put s˜ =
⋃
t∼s s
and S˜ = {s˜|s ∈ S}. If Z(CS) =
⊕
s˜∈S˜ Cσs˜, then (X,S) is called a group-like
scheme. If (X,S) is group-like, then (X, S˜) becomes a commutative association
scheme.
Theorem 2.7. (See [4, Theorem 4.1].) For an association scheme (X,S), the
following statements are equivalent:
(1) (X,S) is a group-like scheme,
(2) dimCZ(CS) = |S˜|,
(3) for every χ, ψ ∈ Irr(S), χψ is a linear combination of Irr(S), where
χψ(σs) =
1
ns
χ(σs)ψ(σs), ∀s ∈ S.
The following easy lemma is useful.
Lemma 2.8. An association scheme (X,S) is group-like if and only if for every
χ, ψ ∈ Irr(S) and every s, h ∈ S, χψ(σsσh) = χψ(σhσs).
Proof. For every χ, ψ ∈ Irr(S), consider the linear function χψ : CS → C by
χψ(
∑
s∈S
λsσs) =
∑
s∈S
λsχψ(σs).
It follows from [6, Theorem 4.2] that χψ is a linear combination of irreducible
characters if and only if χψ(σsσh) = χψ(σhσs) for every s, h ∈ S. The result now
follows from Theorem 2.7.
6
3 Main Results
Let G be a finite group. An irreducible character χ of G is called nonlinear if
χ(1) > 1. In this section we first define the concept of a nonlinear irreducible
character for association schemes and then give a characterization of association
schemes with at most two nonlinear irreducible characters.
Let (X,S) be an association scheme. We say that an irreducible character χ of
S is linear if mχ = 1; otherwise χ is called nonlinear. It follows from [10, Lemma
2.4(v)] that χ ∈ Irr(S/S ′) if and only if mχ = 1. So |S : S
′| is the number of
linear characters of S and Irr(S) \ Irr(S/S ′) is the set of nonlinear characters of S.
In particular, if (X,S) is commutative, then an irreducible character χ ∈ Irr(S) is
linear if and only if χ ∈ Irr(S/Oϑ(S)) and so Irr(S) \ Irr(S/Oϑ(S)) is the set of
nonlinear irreducible characters of S.
If (G, S) is the group association scheme of G, then an irreducible character χ
of G is nonlinear if and only if the irreducible character ωχ of S is nonlinear; see
Example 2.2.
3.1 Association schemes with one nonlinear irreducible character
In this section we give a characterization of association schemes with exactly
one nonlinear irreducible character.
Lemma 3.1. A commutative association scheme (X,S) has exactly one nonlinear
irreducible character if and only if |Oϑ(S)| = 2 and S is the wreath product of
association schemes (X,S)xOϑ(S) and (X/O
ϑ(S), S/Oϑ(S)) for x ∈ X.
Proof. First we assume that S contains exactly one nonlinear irreducible
character. Then |S| = |S/Oϑ(S)| + 1. Put T = Oϑ(S). Suppose that S/T =
{1T , sT1 , . . . , s
T
n}, for some relations si ∈ S. Since |S| = |S/T | + 1, it follows that
S = {1, t, s1, . . . , sn} and T = {1, t}, for some relation t. Now since
|S| = |S/T |+ 1 = |T |+ |S/T | − 1,
it follows from Lemma 2.5 that S is the wreath product of association schemes
(X,S)xT and (X/T, S/ T ) for some x ∈ X .
Conversely, it follows from [8, Theorem 4.1] that S contains exactly one nonlinear
irreducible character.
From the above lemma we can give the following characterization of finite groups
with exactly one nonlinear irreducible character.
Corollary 3.2. (See [14].) Let G be a finite group. Then the following are equiva-
lent:
(1) G has exactly one nonlinear irreducible character,
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(2) G′ is the union of two conjugacy classes of G and for every g ∈ G \G′, coset
gG′ is the conjugacy class of G containing g,
(3) G is an extra-special 2-group, or G is a doubly transitive Frobenius group with
a cyclic Frobenius complement and Frobenius kernel G′ which is an elementary
abelian p-group.
Proof. (1) ⇒ (2) Since G has exactly one nonlinear irreducible character,
(G, S) also has one nonlinear irreducible character. It follows from Lemma 3.1 that
|Oϑ(S)| = 2 and S is the wreath product of association schemes (G, S)gOϑ(S) and
(G/Oϑ(S), S/Oϑ(S)) for g ∈ G. This implies thatG′ contains two conjugacy classes
C0 and Ci for some 1 ≤ i ≤ d and Lemma 2.5 shows that KiKj = KjKi = |Ci|Kj
for every j 6= 0, i. So we conclude that CiCj ⊂ Cj for every j 6= 0, i. Hence for
every g ∈ Cj, gCi ⊂ Cj . Now from Lemma 2.6 we have |Cj| = |G
′| = |Ci| + 1 and
so gG′ = Cj .
(2) ⇒ (1) Consider the group association scheme (G, S). Since G′ contains
two conjugacy classes C0 and C, we have |O
ϑ(S)| = 2. Moreover, since for every
conjugacy class C ′ 6∈ {C0, C} and g ∈ C
′, C ′ = gG′ we get C ′C ⊂ C ′, and so
K ′K = KK ′ = |C|K ′. Then it follows from Lemma 2.5 that S is the wreath
product of association schemes (G, S)gOϑ(S) and (X/O
ϑ(S), S/Oϑ(S)) for g ∈ G.
So Lemma 3.1 shows that (G, S) contains exactly one nonlinear irreducible character
and hance G also has exactly one nonlinear irreducible character.
(2)⇒ (3) Suppose that G′ is the union of two conjugacy classes C0 and C1, and
for every g ∈ G \ G′, coset gG′ is the conjugacy class of G containing g. Then G′
is a p-group and so G is solvable. Moreover, since for every conjugacy class C and
g ∈ C we have gG′ = C it follows that G′ is the unique minimal normal subgroup
of G. So it follows from [12, Lemma 12.3] that all nonlinear irreducible characters
of G have equal degree f and one of the following holds:
(a) G is a p-group, Z(G) is cyclic and G/Z(G) is elementary abelian,
(b) G is a Frobenius group with an abelian Frobenius complement H of order f .
Also, G′ is the Frobenius kernel and is an elementary abelian p-group.
If (a) holds, then |C1| = 1 and |G
′| = 2 . Since G′ ⊆ Z(G) and |C| > 1, for
every conjugacy class C 6∈ {C0, C1}, we have G
′ = Z(G) and G/G′ is an elementary
abelian 2-group. Hence G is an extra-special 2-group, as desired.
Now suppose (b) holds. Let |G′| = pn. Since |G/G′| = |H| = f , we have
|G| = fpn. On the other hand, since statements (1) and (2) are equivalent, G has
one nonlinear irreducible character and so
|G| =
∑
χ∈Irr(G)
χ(1)2 = f 2 + |G/G′|.
Then f = pn − 1 and G is a Frobenius group of order (pn − 1)pn. Since H is
abelian and every Sylow subgroup of H is cyclic or a generalized quaternion group
we conclude that H is cyclic.
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(3)⇒ (2) Suppose that G is an extra-special 2-group, or G is a doubly transitive
Frobenius group with a cyclic Frobenius complement and Frobenius kernel G′ which
is an elementary abelian p-group. Then in both cases G has exactly one nonlinear
irreducible character; see [11]. Since the statements (1) and (2) are equivalent, it
follows that G′ is the union of two conjugacy classes and for every g ∈ G \G′, coset
gG′ is the conjugacy class of G containing g.
Theorem 3.3. An association scheme (X,S) has exactly one nonlinear irreducible
character if and only if it is a group-like scheme, |S˜ ′| = 2 and S˜ is the wreath
product of association schemes (X, S˜)xS˜′ and (X/ S˜
′, S˜/ S˜ ′) for x ∈ X.
Proof. Suppose that (X,S) has exactly one nonlinear irreducible character.
First note that for every s, t ∈ S \S ′, sS
′
= tS
′
if and only if for every ψ ∈ Irr(S/S ′),
ψ(σs)/ns = ψ(σsS′ ) = ψ(σtS′ ) = ψ(σt)/nt
(see [7, Theorem 3.5]). On the other hand, since χ is the only irreducible character
of S with mχ > 1 we conclude that the orbit of χ has length 1 under the action of
Irr(S/S ′) on Irr(S). This implies that for every ζ ∈ Irr(S/S ′), χζ = χ. Since for
every s ∈ S \ S ′, there exists ζ ∈ Irr(S/S ′) such that ζ(σsS′) 6= 1, from equality
χ(σs) = χ(σs)ζ(σsS′) we have χ(σs) = 0. Then for every s, t ∈ S \ S
′, sS
′
= tS
′
if
and only if for every ψ ∈ Irr(S), ψ(σs)/ns = ψ(σt)/nt.
Now let 1 6= s ∈ S ′. Since
∑
ψ∈Irr(S)
mψψ(σs) = 0, it follows that
mχχ(σs) +
∑
χ 6=ψ∈Irr(S)
mψψ(σs) = 0.
Then
χ(σs) =
−|S/S ′|ns
mχ
and hence
χ(σs)/ns =
−|S/S ′|
mχ
. (2)
So for nondiagonal relations s, t ∈ S ′, (2) shows that
χ(σt)
nt
=
−|S/S ′|
mχ
=
χ(σs)
ns
.
Thus
ψ(σs)
ns
=
ψ(σt)
nt
,
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for every ψ ∈ Irr(S).
Now let ∼ be the equivalence relation which is defined in (1). From the above
we conclude that
S˜ = 1 ∪ t˜ ∪ {sS
′
|s ∈ S \ S ′},
for some t ∈ S ′. Then |S˜| = |S/S ′| + 1. Since dimCZ(CS) = |Irr(S)| = |S/ S′| + 1
we have CS˜ = Z(CS) and it follows from Theorem 2.7 that (X,S) is a group-
like scheme. Since (X, S˜) has exactly one nonlinear irreducible character, Lemma
3.1 shows that |Oϑ(S˜)| = 2 and S˜ is the wreath product of association schemes
(X, S˜)xOϑ(S˜) and (X/O
ϑ(S˜), S˜/Oϑ(S˜)) for x ∈ X . Since Oϑ(S˜) = S˜ ′, the result
follows.
Conversely, it follows from Lemma 3.1 that (X, S˜) has exactly one nonlinear
irreducible character. Since mχ˜ = χ(1)mχ, for every χ ∈ Irr(S) we conclude that
(X,S) has exactly one nonlinear irreducible character. The proof is now complete.
3.2 Association schemes with two nonlinear irreducible characters
In this section we first give a characterization of commutative association
schemes with exactly two nonlinear irreducible characters. Then we give a class
of association schemes with two nonlinear irreducible characters.
Theorem 3.4. Let (X,S) be a commutative association scheme such that |S| > 3.
Then (X,S) contains exactly two nonlinear irreducible characters if and only if one
of the following holds:
(i) |Oϑ(S)| = 3 and S is the wreath product of association schemes (X,S)xOϑ(S)
and (X/Oϑ(S), S/Oϑ(S)) for x ∈ X,
(ii) |Oϑ(S)| = 2 and there exists a strongly normal closed subset H of S containing
Oϑ(S) such that |H| = 4, |S : H| = 2, and S is the wedge product of (X,S)xH
and (X/Oϑ(S), S/Oϑ(S)) for some x ∈ X.
Proof. Let χ and ψ be two nonlinear irreducible characters of S. Put T =
Oϑ(S). We consider two cases.
First, suppose that χT 6= ψT . Then Irr(T ) = {1T , χT , ψT}. Since χT 6= ψT ,
it follows that the orbits of χ and ψ have length 1 under the action of Irr(S/T )
on Irr(S). So for every ζ ∈ Irr(S/T ) we have χζ = χ and ψζ = ψ. Since for
every s ∈ S \ T , there exists ζ ∈ Irr(S/T ) such that ζ(σsT ) 6= 1, from equalities
χ(σs)ζ(σsT ) = χ(σs) and ψ(σs)ζ(σsT ) = ψ(σs), we conclude that χ(σs) = ψ(σs) = 0.
Now we show that for every s, t ∈ S \ T , sT 6= tT and hence |S/T | = |S| − |T |+ 1.
Suppose that sT = tT . Then for every ϕ ∈ Irr(S/T ), we have
ϕ(σs)/ns = ϕ(σsT ) = ϕ(σtT ) = ϕ(σt)/nt.
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Since χ(σs) = ψ(σt) = 0, it follows that for every ϕ ∈ Irr(S), ϕ(σs)/ns = ϕ(σt)/nt.
This is a contradiction since the character table of CS is a nonsingular matrix. So
|S/T | = |S| − |T | + 1. This implies that |S| = |S/T | + 2 = |S/T | + |T | − 1 and
Lemma 2.5 shows that S is the wreath product of association schemes (X,S)xT and
(X/T, S/ T ).
Second, suppose that χT = ψT . Then Irr(T ) = {1T , χT} and so |T | = 2. Let
T = {1, s}, for some s ∈ T . Then since |S| = |S/T | + 2, it follows that there are
exactly two relations g, h ∈ S \T such that gT = hT . So H = {1, s, g, h} is a closed
subset of S such that h ∈ sg. Moreover, since gT is an involution of S/T it follows
that H/T is a subgroup of S/T and thus H is a strongly normal closed subset of
S with |H : T | = 2.
Now since T ⊆ H and for every s ∈ S \ H , sT = {s} it follows that S is the
wedge product of (X,S)xH and (X/T, S/ T ) for some x ∈ X .
Conversely, if (i) holds, then it follows from [8, Theorem 4.1] that (X,S) contains
exactly two nonlinear irreducible characters.
Now suppose that (X,S) satisfies condition (ii). First we show that for every
χ ∈ Irr(S) \ Irr(S/Oϑ(S)) and s ∈ S \H , χ(σs) = 0. Since O
ϑ(S) * Ker(χ), there
exists at least t ∈ Oϑ(S) such that χ(σt) 6= nt. On the other hand, σtσs = ntσs.
So equality χ(σt)χ(st) = ntχ(σs) shows that χ(σs) = 0. Moreover, since |H| = 4
and |H : Oϑ(S)| = 2, we have exactly two irreducible characters λ, µ ∈ Irr(H) \
Irr(H/Oϑ(S)). Let χ and ψ be irreducible characters of S such that (χH , λ) 6= 0
and (ψH , µ) 6= 0. Now consider the sequence
H = H0 ⊆ H1 ⊆ . . . ⊆ Hn = S
of closed subsets of S such that Hi/Hi−1 is a group of prime order. Since χ(σs) =
ψ(σs) = 0 for every s ∈ S \H , it follows from Theorem 2.4 that λ
Hi and µHi are
irreducible characters of Hi. Hence we conclude that χ = λ
S and ψ = µS. Clearly,
for every nonlinear irreducible character ϕ of S, we must have ϕ = λS or ϕ = µS.
Thus (X,S) contains exactly two nonlinear irreducible characters. The proof is now
complete.
From the above theorem we can obtain the following characterization of finite
groups with exactly two nonlinear irreducible characters.
Corollary 3.5. A finite group G has exactly two nonlinear irreducible characters
if and only if one of the following holds:
(i) G′ is the union of three conjugacy classes of G and for every g ∈ G\G′, coset
gG′ is the conjugacy class of G containing g,
(ii) G′ is the union of two conjugacy classes of G and there exists a normal sub-
group H of G containing G′ such that H is the union of four conjugacy classes
of G, |H : G′| = 2 and for every g ∈ G \H, cost gG′ is the conjugacy class of
G containing g.
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Proof. Let (G, S) be the group association scheme of G. Clearly, if G has
exactly two nonlinear irreducible characters, then (G, S) also has two nonlinear
irreducible characters and |S| > 3. Then it follows from Theorem 3.4 that G has
exactly two nonlinear irreducible characters if and only if one of the following holds:
(1) |Oϑ(S)| = 3 and S is the wreath product of association schemes (G, S)gOϑ(S)
and (G/Oϑ(S), S/Oϑ(S)) for g ∈ G,
(2) |Oϑ(S)| = 2 and there exists a strongly normal closed subsetH of S containing
Oϑ(S) such that |H| = 4, |H : Oϑ(S)| = 2 and S is the wedge product of
(G, S)gH and (G/O
ϑ(S), S/Oϑ(S)) for g ∈ G.
We have statement (1) if and only if G′ is the union of three conjugacy classes C0,
C1 and C2 and for every conjugacy class Ci 6∈ {C0, C1, C2}, KiK1 = K1Ki = |C1|Ki
and KiK2 = K2Ki = |C2|Ki; see Lemma 2.5. This shows that statement (1) holds
if and only if G′ = C0 ∪ C1 ∪ C2 and for every conjugacy class Ci 6∈ {C0, C1, C2},
C1Ci ⊂ Ci and C2Ci ⊂ Ci and so for every x ∈ Ci, xG
′ ⊆ Ci. Thus if (i)
occurs, then we clearly have statement (1). Conversely, if statement (1) holds, then
by using Lemma 2.6 we have |xG′| = |G′| = |Ci| and thus xG
′ = Ci. Hence (i) holds.
Statement (2) holds if and only if G′ is the union of two conjugacy classes C0
and C1, H is a normal subgroup of G containing G
′ with four conjugacy classes,
|H : G′| = 2 and moreover, for every conjugacy class Ci of G where Ci * H ,
KiK1 = K1Ki = |C1|Ki. The latter equality occurs if and only if for every conjugacy
class Ci of G where Ci * H , C1Ci ⊂ Ci and so gG′ ⊆ Ci for every g ∈ Ci. Then we
clearly have (2) if (ii) occurs. Conversely, suppose that (2) holds. Then G′ is the
union of two conjugacy classes C0 and C1, H is a normal subgroup of G containing
G′ with four conjugacy classes, |H : G′| = 2 and for every conjugacy class Ci of G
where Ci * H , gG′ ⊆ Ci for every g ∈ Ci. Moreover, from Lemma 2.6, we have
|gG′| = |G′| = |Ci|. So gG
′ = Ci and statement (ii) holds.
Corollary 3.6. A finite group G has exactly two nonlinear irreducible characters
if and only if one of the following holds:
(i) G is an extra-special 3-group,
(ii) G is a Frobenius group of order p
n(pn−1)
2
with a cyclic Frobenius complement
and Frobenius kernel G′ which is an elementary abelian group of order pn,
(iii) G is a Frobenius group with Frobenius kernel N , an elementary abelian group
of order 9 such that |G′ : N | = 2, and with the Frobenius complement Q8,
(iv) G is a 2-group, Z(G) is cyclic of order 4 containing G′, and G/Z(G) is ele-
mentary abelian.
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Proof. First assume that G has exactly two nonlinear irreducible characters.
Then one of the statements (i) and (ii) of Corollary 3.5 holds.
Suppose that statement (i) holds. Let G′ be the union of conjugacy classes
C0 = {1}, C1 and C2. We consider two cases.
First, suppose that C2 = C
−1
1 . Then G
′ is a p-group and so G is solvable.
Moreover, since for every g ∈ G\G′, coset gG′ is the conjugacy class of G containing
g, it follows that G′ is the unique minimal normal subgroup of G. So it follows from
[12, Lemma 12.3] that all nonlinear irreducible characters of G have equal degree f
and one of the following holds:
(a) G is a p-group, Z(G) is cyclic and G/Z(G) is elementary abelian,
(b) G is a Frobenius group with an abelian Frobenius complement H of order f .
Also, G′ is the Frobenius kernel and is an elementary abelian p-group.
If (a) holds, then since Z(G) 6= {1} and G′ ⊆ Z(G) we have |G′| = 3 andG′ = Z(G).
So G is an extra-special 3-group.
Now suppose that (b) holds. Then since |G/G′| = f it follows that
f |G′| = |G| =
∑
χ∈Irr(G)
χ(1)2 = 2f 2 + |G/G′| = 2f 2 + f,
and so f = |G
′|−1
2
. Let |G′| = pn. Then G is a Frobenius group of order p
n(pn−1)
2
with Frobenius kernel G′ and a cyclic Frobenius complement of order p
n−1
2
.
Second, assume that C−11 = C1 and C
−1
2 = C2. Clearly, in this case G
′ cannot
be abelian. Since |G′| has at most two prime divisors it follows that G′ is solvable.
So G is also solvable. Moreover, since G′ is solvable, C0 ∪ C1 or C0 ∪ C2 is a
normal subgroup of G. Without loss in generality, assume that L = C0 ∪ C1 is a
normal subgroup of G. Consider quotient group G/L. Then G/L has exactly one
nonlinear irreducible character and it follows from Corollary 3.2 that either G/L is
an extra-special 2-group, or G/L is a doubly transitive Frobenius group with a cyclic
complement and Frobenius kernel G′/L which is an elementary abelian p-group.
If G/L is an extra-special 2-group, then |G′/L| = 2, G′/L = Z(G/L) and G/G′
is a 2-group. Clearly, G is not a 2-group and [1, Proposition 1] shows that G is not
a Frobenius group with Frobenius kernel G′. Let P be a 2-Sylow subgroup of G.
Since G/L ≃ P , P has class at most 2. It follows from [2, Theorem 5.1] that G is
a Frobenius group such that its Frobenius kernel has index 2 in G′ with Frobenius
complement Q8. Let |L| = p
m. Since |C1| = p
m − 1 divides |G| = 8pm it follows
that pm − 1 | 8. So p = 3 and m = 2. This is statement (iii).
Now suppose that G/L is a Frobenius group with Frobenius kernel G′/L which is
an elementary abelian p-group of order pm and with a cyclic Frobenius complement
of order pm − 1. If G′ is not a p-group, then it follows by the Frattini argument
that G = NG(P )G
′ where P is a p-Sylow subgroup of G′. So |NG(P )| = |G/G
′| =
pm − 1. This is a contradiction, since |P | = pm. Hence G′ must be a p-group.
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Since (|G′|, |G/G′|) = 1, it follows from [1, Proposition 1] that G is a Frobenius
group with Frobenius kernel G′. Let |G′| = pn. If p 6= 2, then since the order of
Frobenius complement G divides pn − 1, it follows that the Frobenius complement
has even order and so Frobenius kernel G′ must be abelian. This is a contradiction.
Thus we can assume that p = 2. Since G′/L is an elementary abelian 2-group, it
follows that |G/L : CG/L(gL)| = |G/L : G
′/L| for every g ∈ C2. This implies that
|C2| = |G : G
′|. Moreover, for every g ∈ C2, the order of gL is 2 and so g
2 ∈ L. So
|C1| = |C2| = |G : G
′|. Hence
|G′| = 1 + |C1|+ |C2| = 1 + 2|G/G
′| = 2m+1 − 1.
This is a contradiction, since |G′| = 2m.
Now assume that statement (ii) holds. Let G′ be the union of two conjugacy
classes C0 = {1} and C1. Then G
′ is the unique normal minimal subgroup of G.
So G′ is a p-group and thus G is solvable. It follows from [12, Lemma 12.3] that
all nonlinear irreducible characters of G have equal degree f and either (a) G is a
p-group, Z(G) is cyclic and G/Z(G) is elementary abelian; or (b) G is a Frobenius
group with an abelian Frobenius complement H of order f and with Frobenius
kernel G′ which is an elementary abelian p-group.
If (a) holds, then since G′ ⊆ Z(G) and Z(G) 6= {1} it follows that |G′| = 2,
Z(G) is the cyclic group of order 4 and G/Z(G) is an elementary abelian 2-group.
This is statement (iv).
Suppose that (b) holds and let |G′| = pn. Since |G/G′| = f it follows that
fpn = |G| =
∑
χ∈Irr(G)
χ(1)2 = 2f 2 + f,
and so f = p
n−1
2
. Then G is a Frobenius group of order p
n(pn−1)
2
with Frobenius
kernel G′ and a cyclic Frobenius complement of order p
n−1
2
. This is statement (ii).
Conversely, if G is an extra-special 3-group, then it follows from [11, Section
7] that G has two nonlinear irreducible characters. Moreover, if G is a Frobenius
group with a Frobenius complement H and Frobenius kernel F , then G has |Irr(F )|−1
|H|
nonlinear irreducible characters. So if (ii) or (iii) holds, then G has two nonlinear
irreducible characters. Finally, suppose that (iv) holds. Then there are exactly
two irreducible characters ϕ, θ ∈ Irr(Z(G)) \ Irr(Z(G)/G′). Clearly, ϕ and θ are
invariant in G and there are exactly two irreducible characters χ, ψ ∈ Irr(G) such
[ϕG, χ] 6= 0 and [θG, ψ] 6= 0. So χ and ψ are exactly two nonlinear irreducible
characters of G.
The following theorem gives a class of association schemes with exactly two
nonlinear irreducible characters.
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Theorem 3.7. Let (X,S) be an association scheme such that |Irr(S)| > 3 and S ′
is symmetric. Then (X,S) contains exactly two nonlinear irreducible characters if
and only if (X,S) is a group-like scheme and one of the following holds:
(i) |S˜ ′| = 3 and S˜ is the wreath product of association schemes (X, S˜)xS˜′ and
(X/ S˜ ′, S˜/ S˜ ′) for x ∈ X,
(ii) |S˜ ′| = 2 and there exists a strongly normal closed subset H of S such
that |H˜| = 4, |H : S ′| = 2 and S˜ is the wedge product of (X, S˜)xH˜ and
(X/ S˜ ′, S˜/ S˜ ′) for some x ∈ X.
Proof. First suppose (X,S) contains exactly two nonlinear irreducible char-
acters χ and ψ. Since Irr(S/S ′) acts on Irr(S) and χ and ψ are only nonlinear
irreducible characters of S, it follows that either the orbits of χ and ψ have length
1 or χ and ψ lie in the same orbit.
First we assume that the orbits of χ and ψ have length 1. This implies that χS′ 6=
ψS′ and for every ζ ∈ Irr(S/S
′), χζ = χ and ψζ = ψ. Since for every s ∈ S\S ′, there
exists ζ ∈ Irr(S/S ′) such that ζ(σsS′) 6= 1, from equalities χ(σs) = χ(σs)ζ(σsS′ ) and
ψ(σs) = ψ(σs)ζ(σsS′) we have χ(σs) = ψ(σs) = 0. Now we prove that (X,S) is
a group-like scheme. To do this, we show that for every λ, µ ∈ Irr(S) and every
s, h ∈ S, λµ(σsσh) = λµ(σhσs) Then from Lemma 2.8, (X,S) is a group-like scheme.
Let λ, µ ∈ Irr(S). Clearly, if λ or µ belongs to Irr(S/S ′), then λµ ∈ Irr(S) and the
result follows. So we can assume that λ, µ ∈ Irr(S)\ Irr(S/S ′). Then λ, µ ∈ {χ, ψ}.
We show that λµ(σsσh) = λµ(σhσs) for every s, h ∈ S. Clearly, if s, h ∈ S
′, then
σsσh = σhσs and so λµ(σsσh) = λµ(σhσs). Moreover, if either s ∈ S
′ and h ∈ S \S ′
or s, h ∈ S \ S ′ and h 6= s∗, then
σsσh
∑
k∈S\S′
akσk,
and so
λµ(σsσh) =
∑
k∈S\S′
akλµ(σk) =
∑
k∈S\S′
ak
λ(σk)µ(σh)
nk
= 0
indeed, λ(σs) = µ(σs) = 0, for every s ∈ S \ S
′. Similarly, λµ(σhσs) = 0. So
λµ(σhσs) = 0 = λµ(σsσh). Finally, we can assume that s, h ∈ S \ S
′ and h = s∗.
Since S ′ is symmetric it follows that λss∗k = λs∗sk∗ = λs∗sk and then
σsσs∗ =
∑
k∈S′
λss∗kσk =
∑
k∈S′
λs∗skσk = σs∗σs.
So λµ(σsσs∗) = λµ(σs∗σs). Hence (X,S) is a group-like scheme.
Now consider the association scheme (X, S˜). Since mχ˜ = χ(1)mχ and
mψ˜ = ψ(1)mψ it follows that χ˜ and ψ˜ are only nonlinear irreducible characters of
S˜; see [4]. Since χ˜(σs˜) 6= ψ˜(σs˜), for every s˜ ∈ S˜
′, part (i) of Theorem 3.4 shows
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that |Oϑ(S˜)| = 3 and S˜ is the wreath product of association schemes (X, S˜)xOϑ(S˜)
and (X/Oϑ(S˜), S˜/Oϑ(S˜)) for x ∈ X . Since Oϑ(S˜) = S˜ ′, we have the statement (i).
Now we assume that χ and ψ lie in the same orbit. Then χS′ = ψS′ and {χ, ψ}
forms an orbit of length 2. So 2 divides |Irr(S/S ′)| and S/S ′ has a subgroup of
order 2. Then there exists a strongly normal closed subset H of S such that S ′ ⊆ H
and |H : S ′| = 2. Clearly, χH 6= ψH . We show that H is commutative. To do this,
we prove that every irreducible character of H has degree 1. Suppose on contrary;
that there exists ϕ ∈ Irr(H) such that ϕ(1) > 1. Since S ′ is commutative, it follows
from Theorem 2.4 that ϕS′ is a sum of at most two distinct irreducible characters
of S ′ and ϕ = λH for some irreducible constituent λ of ϕS′. On the other hand,
since χS′ = ψS′ , we conclude that λ
S = aχ + bψ for some integers a and b. Then
aχ + bψ = λS = (λH)S = ϕS.
This implies that (χH , ϕ) > 0 and (ψH , ϕ) > 0. Then it follows from Theorem 2.3
that
χH = ψH = e
n∑
i=1
ϕi,
where ϕi, 1 ≤ i ≤ n, are S/H-conjugate irreducible characters of ϕ. This is a
contradiction, indeed χH 6= ψH . Hence H is commutative.
Now by a similar way as above, one can see that for every λ, µ ∈ Irr(S),
λµ(σsσh) = λµ(σhσs) for every s, h ∈ S. Note that S
′ is symmetric, H is com-
mutative and χ(σs) = ψ(σs) = 0 for every s ∈ S \ H . So it follows from Lemma
2.8 that (X,S) is a group-like scheme. Moreover, since association scheme (X, S˜)
has exactly two nonlinear irreducible characters, it follows from statement (ii) of
Theorem 3.4 that |Oϑ(S˜)| = 2, |H˜| = 4 and S˜ is the wedge product of (X, S˜)xH˜
and (X/Oϑ(S˜), S˜/Oϑ(S˜)) for some x ∈ X . This is statement (ii).
Conversely, it follows from Theorem 3.4 that (X, S˜) has two nonlinear irreducible
characters. Since mχ˜ = χ(1)mχ, for every χ ∈ Irr(S) we conclude that (X,S) has
only two nonlinear irreducible characters. The proof is now complete.
Remark 3.8. The conditions |Irr(S)| > 3 and symmetry of S ′ in Theorem 3.7 are
necessary conditions; see example below.
Example 3.9. Let (X,S) be the association scheme of order 21, No. 19 in [9],
where S = {s0, · · · , s6}. Then from [9] the character table of the adjacency algebra
of S is as follows.
σs0 σs1 σs2 σs3 σs4 σs5 mχ
χ1 1 2 2 4 4 8 1
χ2 1 −1 −1 1 1 −1 8
χ3 2 1 1 −2 −2 0 6
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One can see that (X,S) has two nonlinear irreducible characters, but it is not a
group-like scheme and the assertion of Theorem 3.7 does not hold for (X,S). More-
over, if we consider the association scheme H = S ≀K, where K is the trivial scheme
of order 2, then H has order 42 and the character table of H is as follows; see [8].
σs0 σs1 σs2 σs3 σs4 σs5 σs6 mχ
χ1 1 2 2 4 4 8 21 1
χ2 1 2 2 4 4 8 −21 1
χ2 1 −1 −1 1 1 −1 0 16
χ3 2 1 1 −2 −2 0 0 12
It is easy to see that H is not a group-like scheme. Although, H contains exactly
two nonlinear irreducible characters, but H ′ is not symmetric and so the conclusion
of Theorem 3.7 does not hold for H.
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